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Abstract
In this paper we construct the analogue of Dedekind η−function on
the moduli space of polarized CY manifolds. We prove that the L2 norm
of η(τ ) is the regularized determinants of the Laplacians of the CY metric
on (0, 1) forms.
We construct the analogue of the Baily-Borel Compactification of the
moduli space of polarized CY and prove that it has the same properties
as the Baily-Borel compactification of the locally symmetric Hermitian
spaces. We proved that the compactification constructed in the paper is
the minimal.
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1 Introduction
This is the second part of the paper [4]. In this paper we will study the algebraic
and analytic discriminants of Calabi-Yau manifolds. We will generalize the
notion of algebraic and analytic discriminants of elliptic curves to the case of CY
manifolds. Next we will review the notion of algebraic and analytic discriminants
for elliptic curves and their relation.
1. Algebraic Discriminant on the Moduli Space of Marked Elliptic
Curves.
The algebraic discriminant of an elliptic curves is defined on the moduli
space of elliptic curves which is the quotient of the Teichmu¨ller space by the
mapping class group. The Teichmu¨ller space is the upper half plane h :=
{τ ∈ C| Im τ > 0} and the mapping class group of the elliptic curve is SL2 (Z) .
Thus the moduli space of elliptic curves is PSL2 (Z) \h . The elliptic curves cor-
responding to lattices spanned by (1,
√−1) and (1, ρ), where ρ3 = 1 and ρ 6= 1
have automorphisms of order four and six. So the moduli space PSL2 (Z) \h is
a stack. If we consider the moduli space of elliptic curves with a fixed basis in
H1 (E,Z/2Z) , then it is isomorphic to Γ(2) \h , where
Γ(2) :=
{
A =
(
a b
c d
)
|detA = 1; a, b, c, d ∈ Z, A ≡
(
1 0
0 1
)
mod 2
}
.
The group Γ(2) acts on h without fixed points. Thus over Γ(2) \h we have
a universal family of elliptic curves with a fixed basis in H1 (E,Z/2Z) . This
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universal family can be represented by
y2 = x (x− 1) (x− λ) . (1)
So Γ(2) \h = CP1−{0, 1,∞} . The algebraic discriminant ∆alg(τ) of the family
(1) is given by
∆alg(λ) = ((1− λ) λ)2 . (2)
2. Analytic Discriminant.
The analytic discriminant of the elliptic curve Eτ := C /{m+ nτ} is just
the regularized determinant of the Laplacian ∆(0,1)(τ) of the flat metric acting
on (0, 1) forms. It is defined as follows: Let 0 < λ1 ≤ ... ≤ λk ≤ ... be the
spectrum of ∆(0,1)(τ). Let ζ∆(0,1)(τ, s) :=
∞∑
i=1
1
λs
i
. It is a well known fact that
ζ∆(0,1)(τ, s) is a meromorphic function on C well defined at 0. Then
∆(0,1)(τ) := exp
((
− d
ds
ζ∆(0,1)(τ, s)
)∣∣∣∣
s=0
)
. (3)
It is easy to see that the regularized determinant ∆(0,1)(τ) is a function on
M2. The Kronecker limit formula gives an explicit expression of the regularized
determinant:
Theorem 1 Let det∆τ be the regularized determinant of the flat metric on the
elliptic curve Eτ := C/ {n+mτ} . Then det∆τ = Im τ |η(τ)|2 , η(τ) is defined
as: η(τ) = q1/24
∞∏
n=1
(1− qn) , where q = e2piiτ .
3. Relations between the Analytic and Algebraic Discriminants of
the Elliptic Curves.
On the moduli space M2 := Γ(2)\h of marked H1(E,Z/2Z) elliptic curves,
the algebraic discriminant is a section of the line bundle L on M2 := Γ(2)\h,
associated with the principle bundle
U(1)→ SL2 (R)→ SL2 (R) /U(1) = h.
It is well known that M2 is isomorphic to CP
1 − {0, 1,∞} . The universal
cover of CP1 − {0, 1,∞} is the upper half plane h. The fundamental group
pi1
(
CP1 − {0, 1,∞}) of CP1 − {0, 1,∞} is the free group with two generators
isomorphic to Γ(2). There is a universal family of marked H1(E,Z/2Z) elliptic
curves
pi : E → CP1 − {0, 1,∞} , (4)
given by y2 = x (x− 1) (x− λ) . The line bundle L on M2 := Γ(2)\h is iso-
morphic to the dual of pi∗ωE/M2 , where ωE/M2 is the relative dualizing sheaf of
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the family (4) and on pi∗ωE/M2 we have a natural metric. The local sections of
pi∗ωE/M2 are families of holomorphic one forms ωτ . Then we define L
2 metric
‖ωτ‖2L2 =
−√−1
2
∫
Eτ
ωτ ∧ ωτ .
There is a natural compactification CP1 − {0, 1,∞} to CP1. We can prolong
pi∗ωE/M2 to a line bundle pi∗ωE/M2 over CP
1 by extendning the holomorphic
sections with finite L2 norm.
It is a well know fact that any elliptic curve Eτ := C/Λτ where Λt is the
lattice {m+ nτ |m,n ∈ Z, τ ∈ C and Im τ > 0} can be embedded in CP2 and
the equation in the standard affine open set of Eτ is given by y
2 = 4x3−g2(τ)−
g3(τ), where
g2(τ) = 60
∑
(n,m) 6=(0,0)
1
(n+mτ)
4 and g3(τ) = 140
∑
(n,m) 6=(0,0)
1
(n+mτ)
6 .
The algebraic discriminant ∆(τ) of the elliptic curve Eτ is defined as the dis-
criminant of the polynomial 4x3−g2(τ)−g3(τ). Thus we get the explicit formula
for the algebraic discriminant
∆(τ) = g2(τ)
3 − 27g3(τ)2. (5)
The relation between the algebraic discriminants given by (2) and (5) is
given by the following; It is a well known fact that Γ(2) is a normal subgroup
in PSL2 (Z) and PSL2 (Z) /Γ(2) = S3, where S3 is the symmetric group. Thus
we have a finite Galois covering
pi2 : Γ(2) \h → PSL2 (Z) \h . (6)
Thus ∆alg(τ) = pi
∗
2
(
g2(τ)
3 − 27g3(τ)2
)
is a section ∆ of pi∗ωE/M2 which vanishes
on {0, 1,∞} .We will call ∆alg(τ) the algebraic discriminant of the elliptic curve
with fixed basis in H1 (E,Z/2Z).
Let us consider the function pi∗ (∆) on h. Then pi∗ (∆) will be up to a con-
stant equal to the cusp form of weight 12. pi∗ (∆) will be called the analytic
discriminant. The relations between the analytic and algebraic discriminants
is given by the following interpretation of the Kronecker limit formula:
Theorem 2 det∆τ = ‖pi∗ (∆)‖2L2 .
4. The Analogue of Baily-Borel Compactification of the Moduli
Space of Polarized CY Manifolds
Baily and Borel constructed a compactification of locally symmetric spaces
quotient by an arithmetic group by using cusp forms, i.e. automorphic forms
which vanish at the cusps. In case of polarized CY manifolds it was proved in
[17] that the completion of the Teichmu¨ller space with respect to the Hodge
metric is a domain of holomorphy. We proved in this paper that sections of the
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power of the relative dualizing sheaf with finite L2 norm are the analogue of
cusp forms. We show that some power of the relative dualizing sheaf and its
holomorphic sections with finite L2 norm define a holomorphic embedding of
the moduli space ML (M) of polarized CY manifolds into Pm0 . The projective
closureML (M) of the image ofML (M) in Pm0 will be the analogue of the Baily-
Borel compactification. We also prove the analogue of Borel extension Theorem,
namely any map of (D∗)
k×Dhn−1,1−k intoML (M) can be analytically prolonged
to a holomorphic map of Dk × Dhn−1,1−k to the Baily-Borel compactification
ML (M) of ML (M) . This implies that the compactification we constructed is
minimal model.
5. Relations between Algebraic and Analytic Discriminants
The generalization of the relation between the analytic and algebraic dis-
criminant on elliptic curves to CY three folds is done in the last section of
this paper and it follows from the proof that the regularized determinants of
the Laplacians of CY metrics acting on (0, 1) forms on a CY manifold M are
bounded. The proof of the boundedness is based on the computation of the
short term asymptotic of the trace Tr(exp(−t∆τ,q)) of the heat kernel of a CY
metric for a CY threefold. We established that
Tr(exp(−t∆τ,q)) = a−3
t3
+
a−2
t2
+
a−1
t
+ a0 +O(t),
where
a−3 =
∫
M
L3 = vol(gτ ), a−2 =
∫
M
c1 (M) ∧ L2 = 0,
a−1(g) = − 1
720pi
∫
M
c2(M) ∧ L
and a0 are constants. As a consequence of this formula we get that there exists
a non-zero holomorphic section η⊗N of the N th power ω⊗NX/ML(M) of the relative
dualizing sheaf such that its L2 norm
∥∥η⊗N∥∥2
L2
is (det(∆0,1(τ)))
N
, where
N = #(Γ/ [Γ,Γ]) .
Recall that the moduli space ML (M) of polarized CY manifolds is obtained
from the Teichmu¨ller space T (M) by the action of some arithmetic group Γ
of rank at least two. From a Theorem proved by Kazhdan it follows that the
abelian group Γ/ [Γ,Γ] is finite.
Conjecture 3 Suppose that M is a CY manifold of complex dimension n with
fixed polarization class L. Suppose that g is a CY metric such that the cohomol-
ogy class of the imaginary part is L. Then the coefficients a−k(g) for 0 ≤ k ≤ n
of the short term asymptotic expansion of the trace of the heat kernel are given
by the formula:
Tr(kt(x, y)) =
a−n(g)
tn
+ ...+
a−k(g)
tk
+ ...+ a0(g) + ...,
5
where a−k(g) = bk
∫
M
cn−k(M)∧Lk for k = 1, ..., n, bk are some constants which
depend on the dimension of M, and ck(M) are the Chern classes of M.
Conjecture 3 implies that the regularized determinant det∆(p,q)(τ) of the
Laplacian of a CY metric with a fixed class of cohomology of its imaginary part
and actining on (p, q) forms is a bounded function on the moduli space ML (M)
of polarized CY manifolds.
Acknowledgement 4 The author express his gratitude to Kefeng Liu for use-
ful remarks, encouragement and interest to this paper.
2 Basic Definitions and Notions
2.1 Kuranishi Space and Flat Local Coordinates
The following Theorem is proved in [24]:
Theorem 5 Let M be a CY manifold and let {φi} for i = 1, ..., N be a basis of
harmonic (0, 1) forms with coefficients in T 1,0, i.e. {φi} ∈ H1(M, T 1,0). Then
the equation ∂φ(τ) = 12 [φ(τ), φ(τ)] has a solution in the form:
φ(τ) =
N∑
i=1
φiτ
i +
∑
|IN |≧2
φIN τ
IN =
N∑
i=1
φiτ
i +
1
2
∂
∗
G[φ(τ1, ..., τN ), φ(τ1, ..., τN )], (7)
where IN = (i1, ..., iN ) is a multi-index,
∂
∗
φ(τ1, ..., τN ) = 0, φIN yωM = ∂ψIN
φIN ∈ C∞(M,Ω0,1 ⊗ T 1,0), τIN = (τ i)i1 ...(τN )iN
and there exists ε > 0 such that for |τ i| < ε, φ(τ) ∈ C∞(M,Ω0,1 ⊗ T 1,0).
(See [23] and [24]) .
It is a standard fact from Kodaira-Spencer-Kuranishi deformation theory
that for each τ = (τ1, ..., τN ) ∈ K as in Theorem 5, the Beltrami differential
φ(τ1, ..., τN ) defines a new integrable complex structure on M. This means that
the points of K, define a family of integrable in the sense of Newlander-Nirenberg
operators ∂τ on the C
∞ family K×M→M. Moreover, it was proved by Kodaira,
Spencer and Kuranishi that over K there exists a complex analytic family of
CY manifolds pi : X → K. The family pi : X → K is called the Kuranishi family.
The operators ∂τ are defined as follows: Let {Ui} be an open covering of M,
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with a local coordinate system in Ui given by {zki } with k = 1, ..., n =dimCM.
Assume that φ(τ1, ..., τN )|Ui is given by:
φ(τ1, ..., τN ) =
n∑
j,k=1
(φ(τ1, ..., τN ))k
j
dzj ⊗ ∂
∂zk
.
Then the operators ∂τ are given by the following explicit formulas:(
∂
)
τ,j
=
∂
∂zj
−
n∑
k=1
(φ(τ1, ..., τN ))k
j
∂
∂zk
. (8)
Definition 6 The coordinates τ = (τ1, ..., τN ) defined in Theorem 5 will be
fixed from now on and will be called the flat coordinate system in K.
2.2 The Definition of Hodge and Weil-Petersson Metrics
It is a well-known fact from Kodaira-Spencer-Kuranishi theory that the tangent
space Tτ,K at a point τ ∈ K can be identified with the space of harmonic (0,1)
forms with values in the holomorphic vector fields, which we will denote by
H1(Mτ , T ). We will view each element φ ∈ H1(Mτ , T ) as a point wise linear
map from φ : Ω
(1,0)
Mτ
→ Ω(0,1)Mτ . Given φ1 and φ2 ∈ H1(Mτ , T ), the trace of the
map φ1 ◦ φ2 : Ω(0,1)Mτ → Ω
(0,1)
Mτ
at the point m ∈Mτ with respect to the metric g
is simply:
Tr(φ1 ◦ φ2)(m) =
n∑
k,l,m=1
(φ1)
k
l
(φ2)mk g
l,kgk,m (9)
We will define the Weil-Petersson metric on K as:
〈φ1, φ2〉 =
∫
M
Tr(φ1 ◦ φ2)vol(g). (10)
Definition 7 Let G be a semi-simple Lie group, K be a maximal compact group
and K1 be a proper subgroup in K. Let us consider the homogeneous space
G /K1 and its projection: Pr : G /K1 → G /K . Let us consider the Cartan
decomposition of the Lie algebra G of G :
G = K⊕ P , (11)
where K is the Lie algebra of K and (11) is orthogonal decomposition of the Lie
algebra G with respect to the Killing form K(x, y). Then the Killing form is non
degenerate negative bilinear on K and positive non-degenerate form on P . The
tangent space Tid,G/K1 is isomorphic to K /K1 ⊕P , where K1 is the Lie algebra
of K1. Then if (α, β) ∈ K⊥1 ⊕P , where K⊥1 ⊂ K is the perpenicular space to K1
in K, we define the Killing norm of (α, β) as follows:
‖(α, β)‖2K = −K(α, a) +K(β, β). (12)
Thus (12) define an invariant metric on G /K1 . We will call this metric the
Hodge metric on G /K1 .
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Remark 8 It is easy to see that the Hodge metric on G /K1 is a complete
metric.
Definition 9 It is a well known and easy fact that the moduli space of Vari-
ations of Hodge Structures of given weight is isomorphic G /K1 , where G is a
semi-simple Lie group and K1 is a compact subgroup. The period map:
p : ML (M)→ G /K1
is a well defined and it is a local isomorphism when M is a CY manifold. Then
the restriction of the Hodge metric on p (ML (M)) defines the Hodge metric on
the moduli space ML (M) of polarized CY manifolds.
In [17] the following Theorem was proved:
Theorem 10 The Hodge metric on the moduli space ML (M) of polarized CY
manifolds has non-positive curvature and bounded from above holomorphic sec-
tional curvature by a negative constant.
2.3 Review of the Results in [18]
Definition 11 We will define the Teichmu¨ller space T (M) of a CY manifold
M as follows: T (M) := I(M)/Diff0(M), where
I(M) := {all integrable complex structures on M}
and Diff0(M) is the group of diffeomorphisms isotopic to identity. The action
of the group Diff(M0) is defined as follows; Let φ ∈Diff0(M) then φ acts on
integrable complex structures on M by pull back, i.e. if
I ∈ C∞(M, Hom(T (M), T (M)),
then we define φ(Iτ ) = φ
∗(Iτ ).
We will call a pair (M; γ1, ..., γbn) a marked CY manifold where M is a CY
manifold and {γ1, ..., γbn} is a basis of Hn(M,Z)/Tor.
Remark 12 Let K be the Kuranishi space. It is easy to see that if we choose a
basis of Hn(M,Z)/Tor in one of the fibres of the Kuranishi family M→K then
all the fibres will be marked, since as a C∞ manifold XK ≅M×K.
Theorem 13 There exists a family of marked polarized CY manifolds
ZL→T˜ (M), (13)
which possesses the following properties: a) It is effectively parametrized, b)
For any marked CY manifold M of fixed topological type for which the polariza-
tion class L defines an imbedding into a projective space CPN , there exists an
isomorphism of it (as a marked CY manifold) with a fibre Ms of the family ZL.
c) The base has dimension hn−1,1.
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Corollary 14 Let Y →X be any family of marked CY manifolds, then there
exists a unique holomorphic map φ :X→ T˜ (M) up to a biholomorphic map ψ of
M which induces the identity map on Hn(M,Z).
From now on we will denote by T (M) the irreducible component of the
Teichmu¨ller space that contains our fixed CY manifold M.
2.4 Construction of the Moduli Space of Polarized CY
Manifolds
Definition 15 We will define the mapping class group Γ1 of any compact C
∞
manifold M as follows: Γ1 = Diff+(M)/Diff0(M), where Diff+(M) is the
group of diffeomorphisms of M preserving the orientation of M and Diff0(M)
is the group of diffeomorphisms isotopic to identity.
Definition 16 Let L ∈ H2(M,Z) be the imaginary part of a Ka¨hler metric.
Let ΓL := {φ ∈ Γ1|φ(L) = L}.
It is a well know fact that the moduli space of polarized algebraic manifolds
ML(M) = ΓL \T (M) .
Theorem 17 There exists a subgroup of finite index Γ of ΓL such that Γ
acts freely on T (M) and Γ\T (M) = ML (M) is a non-singular quasi-projective
variety.
Remark 18 Theorem 17 implies that we constructed a family of non-singular
CY manifolds pi : X →ML (M) over a quasi-projective non-singular variety
M(M). Moreover it is easy to see that X ⊂CPN × ML (M) . So X is also
quasi-projective. From now on we will work only with this family.
2.5 Metrics on Vector Bundles with Logarithmic Growth
In Theorem 17 we constructed the moduli space ML (M) of CY manifolds.
From the results in [26] and Theorem 17 we know that ML (M) is a quasi-
projective non-singular variety. Using Hironaka’s resolution theorem, we may
suppose thatML (M) ⊂ML (M), whereML (M)−ML (M) = D is a divisor with
normal crossings. We need now to show how we will extend the determinant
line bundle L to a line bundle L to ML (M). For this reason we are going to
recall the following definitions and results from [14]. We will look at polydisks
DN ⊂ML (M), where D is the unit disk, N = dimML (M) and such that
DN ∩D∞ = {union of hyperplanes; τ1 = 0, ..., τk = 0}.
Hence, DN ∩M(M) = (D∗)k ×DN−k. On D∗ we have the Poincare metric
ds2 =
|dz|2
|z|2 (log |z|)2
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and on D we have the simple metric |dz|2 , giving us a product metric on (D∗)k×
DN−k which we call ω(P ).
A complex-valued C∞ p-form η on M(M) is said to have Poincare growth
on ML (M)−ML (M) if there is a set of if polydisks Uα ⊂ ML (M) covering
ML (M)−ML (M) such that in each Uα an estimate of the following type holds:
|η(τ1, ..., τN | ≤ Cαω(P )Uα (τ1, τ1)...αω
(P )
Uα
(τN , τN ).
This property is independent of the covering Uα of ML (M) −ML (M) but de-
pends on the compactification ML (M). If η1 and η2 both have Poincare growth
on ML (M)−ML (M) , then so does η1 ∧η2. The basic property of the Poincare
growth is the following:
Theorem 19 A p-form η with a Poincare growth on ML (M) −ML (M) = D
has the property that for every C∞ (r-p) form ψ on ML (M) we have:∫
ML(M)−ML(M)
|η ∧ ψ| <∞.
Hence, η defines a current [η] on ML (M).
Proof:For the proof see [14]. .
A complex valued C∞ p-form η on ML (M) is good on M if both η and dη
have Poincare growth. Let E be a vector bundle on M(M) with a Hermitian
metric h. We will call h a good metric on ML (M) if the following holds:
1. If for all x∈ML (M)−ML (M) , there exists sections e1, ..., em of E which
form a basis of E
∣∣
Dr−(Dr∩D∞) .
2. In a neighborhood Dr of x in which ML (M)−ML (M) is given by
z1 × ...× zk = 0.
3. The metric hij =h(ei, ej) has the following properties: a.∣∣∣hij∣∣∣ ≤ C
(
k∑
i=1
log |zi|
)2m
, (det (h))
−1 ≤ C
(
k∑
i=1
log |zi|
)2m
for some C > 0, m ≥ 0. b. The 1-forms ((dh)h−1)
ij
are good forms on
ML (M) ∩DN .
It is easy to prove that there exists a unique extension E of E on ML (M),
i.e. E is defined locally as holomorphic sections of E which have a finite norm
in h.
Theorem 20 Let (E,h) be a vector bundle with a good metric on ML (M),
then the Chern classes ck(E,h) are good forms on ML (M) and the currents[
ck(E ,L2)
]
represent the cohomology classes
ck(E ,L2) ∈ H2k(ML (M),Z).
Proof: For the proof see [14]. .
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2.6 Applications of Mumford’s Results to the Moduli of
CY
In [19] and [25] the following Theorem was proved:
Theorem 21 Let pi : X →ML (M) be the flat family of non-singular CY mani-
folds. Let the relative dualizing sheaf ωX/M(M) := pi∗Ω
n,0
X/M(M) be equipped with
the metric L2 defined by
‖ω‖2
L2
:= (−1)n(n−1)2
(√−1
2
)n ∫
M
ω ∧ ω (14)
Then L2 is a good metric.
3 The Analogue of Baily-Borel Compactification
of the Moduli Space of CY Manifolds
3.1 Construction of the Analogue of the Dedekind η Func-
tion for CY Manifolds
Theorem 22 Let M be a CY manifold. Let N = #Γ/[Γ,Γ]. Then ω⊗NX/ML(M)
is a trivial complex analytic line bundle over ML (M).
Proof: The proof of Theorem 22 is based on the following Theorem proved
in [24]:
Theorem 23 The Chern class of the relative dualizing sheaf ωX/ML(M) is the
imaginary part of the Weil-Petersson metric on ML(M).
According to the results proved in [4] we have
ddc log
(
det∆(0,1)(τ)
)
= ImW − P. (15)
So from (15), the fact that the L2 metric is good, Theorem 20 and Theorem
23 we get that the Chern class of the relative dualizing sheaf ωX/ML(M) is
zero in H2 (ML(M),Z) . This means that ωX/ML(M) is a trivial C
∞ line bundle
on ML(M). Let us denote by σ : T (M) → ML (M) = Γ \T (M) the natural
projection map. So the line bundle σ∗
(
ωX/ML(M)
)
will be trivial on T (M), i.e.
σ∗
(
ωX/ML(M)
)
≅T (M)× C and
ωX/ML(M) ≅ Γ \C×T (M) , (16)
where Γ acts in a natural way on the Teichmu¨ller space and it acts by a character
χ ∈ Hom(Γ,C∗1) ≅ Hom(Γ/[Γ,Γ],C∗1)
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of the group Γ on the fibre C. A Theorem of Kazhdan states that Γ/[Γ,Γ] is
a finite group if the rank of Γ is bigger or equal to 2. For CY manifolds Γ
is an arithmetic group of rank ≥ 2 according to [22]. From here we deduce
that ω⊗NX/ML(M) will be a trivial complex analytic bundle on ML(M), where
N = # Γ/ [Γ,Γ]. Theorem 22 is proved. 
Theorem 24 Let M be a CY manifold. Let ML(M) be the moduli space of
polarized CY manifolds such that τ0 ∈ ML(M) corresponds to M. Let ωX/ML(M)
be the relative dualizing sheaf of the family X →ML(M). Then there exists a non
zero section ηN ∈ H0
(
ML(M),ω
⊗N
X/ML(M)
)
such that ‖η(τ)‖2
L2
= det∆(0,1)(τ).
Proof: Let {φi} be a basis of harmonic Dolbault representatives with re-
spect to the CYmetric corresponding to the polarization class L ofH1
(
M,T 1,0M
)
.
As it was proved in [24] {φi} defines a coordinate system (τ1, ..., τN ) in the lo-
cal deformation space K which we will call the Kuranishi space. We know
that the CY metric with a fixed polarization class depends real analytically
on the coordinates (τ1, ..., τN , τ1, ..., τN ). From here it follows that the regular-
ized determinants det∆(0,q)(τ) depend also real analytically on the coordinates
(τ1, ..., τN , τ1, ..., τN ). The main result in [4] is the following Theorem:
Theorem 25 We have: ∂
2
∂τ j∂τ i
log
(
det∆τ,(0,1)
)∣∣∣
τ=0
= 〈φi, φj〉 .
In [24] we proved the following Theorem:
Theorem 26 We have ∂
2
∂τ j∂τ i
(log 〈ωτ , ωτ 〉)
∣∣∣
τ=0
= 〈φi, φj〉 .
Theorems 25 and 26 imply that for each point τ ∈ ML(M) there exists an
open set Uτ such that for τ ∈ Uτ and
‖η(τ)‖2
L2
=
|fUτ (τ)|2
〈ωτ , ωτ 〉 =
|fUτ (τ)|2
‖ωτ‖2L2
, (17)
where fUτ (τ) is a holomorphic function in Uτ . Let {Uα} be a covering ofML (M)
by polydisks. Then (17) implies that
‖η(τ)‖2
L2
∣∣∣
Uα
=
|fα(τ)|2
〈ωτ , ωτ 〉 =
|fα(τ)|2
‖ωτ‖2L2
. (18)
Theorem 22 and (18) imply that there exists a global section ηN ∈ H0
(
M,ω⊗NX/ML(M)
)
such that ηN
∣∣
Uα
= fNα (τ). Then (18) implies Theorem 24. 
We proved the following Theorem in [17]:
Theorem 27 Let T˜ (M) be the completion of the Teichmu¨ller space T (M) with
respect to the Hodge metric. Then T˜ (M) is a domain of holomorphy, T (M) is
an open and everywhere dense subset in T˜ (M) and T˜ (M)−T (M) is a countable
union of complex subspaces.
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Definition 28 The arithmetic group Γ acts on the completion T˜ (M) of the
Teichmu¨ller space T (M). Let us denote by M˜L(M) := Γ
∖
T˜ (M) . Let ML(M)
be the projective compactification of ML(M) such that
ML(M)−ML(M) = D
is a divisor of normal crossings. We will define D∞ as follows; A point τ∞ ∈
D∞ if and only if 1. around τ∞ we can find a disk D such that
τ∞ ∈ D, D − τ∞ ⊂ML (M)
over D −τ∞ the restriction of the family X →ML (M) of the family of polarized
CY manifolds on D−τ∞ has a monodromy group of infinite order in Hn(Mτ ,Q)
or 2. Df is the codimension one component of M˜L(M) −ML(M) that is fixed
point set by a subroup G ⊂ Γ.
Theorem 29 Let M be a CY manifold. Then there exists a holomorphic section
ηN of ω⊗NX/ML(M) on ML(M) such that it can be prolonged to a holomorphic
section ηN of the line bundle ω⊗NX/ML(M) such that for each point m ∈ML (M) ,
ηN (m) 6= 0, and the support of the zero set of ηN is the divisor D∞.
Proof: The proof of Theorem 29 is based on the following Lemmas:
Lemma 30 ω⊗NX/ML(M) ≅ OML(M)
∑
j
kjDj
 , where kj ≥ 0 and Dj are com-
ponents of ML(M)−ML(M).
Proof: Let D =
⋃
i
Di be the decomposition of the divisor D on irreducible
components on ML(M). Theorem 22 implies that the line bundle ω
⊗N
X/ML(M)
is holomorphic trivial bundle on ML (M) and N = #(Γ/ [Γ,Γ]) . So we can
conclude that
ω⊗NX/ML(M) ≅ OML(M)
∑
j
kjDj
 , (19)
where Dj are the components of D. We will prove that the multiplicities ki are
non negative integers. Indeed we know from Theorem 21 that the L2 metric
defined on the line bundle ωX/ML(M) is a good one in the sense of Mumford.
So the Chern form c1(ωX/ML(M),L
2) of the good metric h defined by (14) is
a positive current on ML (M). The Poincare dual of the cohomology of the
current [
c1
(
ωX/ML(M),L
2
)] ∈ H2 (ML (M),Z)
is
P ([c1((ωX/ML(M),L2)]) =∑
j
kj [Dj ] ∈ H2n−2
(
ML (M),Z
)
. (20)
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where the coefficients ki are defined as in (19). The positivity of the current
c1
(
ωX/ML(M),L
2
)
implies that its Poincare dual current
∑
j kj [Dj ] is positive.
From here we can conclude that the coefficients ki are positive integers. Indeed,
let [ωDi ] ∈ H2n−2(M,Z) be such classes of cohomology that:∫
Dj
[ωDi ] = δij . (21)
Since the current
∑
j ki[Dj] is positive (21) implies〈∑
j
ki[Dj ], [ωDi ]
〉
= ki ≥ 0. (22)
Lemma 30 is proved. 
Corollary 31 There exists a section ηN of ω⊗NX/ML(M) over ML(M) such that
it vanishes on components of ML(M)−ML(M).
Lemma 32 The zero set of the section ηN constructed in Corollary 31 of the
line bundle ω⊗NX/ML(M) is a non zero divisor with the same support as D∞.
Proof: The proof of Lemma 32 is based on the followig two Propositions:
Proposition 33 Let M be a CY manifold. Let Uτ∞ be an open polydisc con-
taining τ∞ ∈ Df . Let Dτ∞ ⊂ Uτ∞ ⊂ ML(M) be an open disk containing the
point τ∞ ∈ Df . Then the monodromy operator of the family of polarized CY
manifolds over D∗τ∞ = Dτ∞ − τ∞ is non-trivial group.
Proof: The subgroup Γ of the mapping class group Γ (M) acts on the
completion T˜ (M) of the Teichmu¨ller space T (M) with respect to the Hodge
metric. Then each of the components Di of σ−1
(
Γ
∖
T˜ (M) − Γ \T (M)
)
is a
fixed point set of some subgroup Gi of Γ. Let
XDτ∞ → Dτ∞ (23)
be a family of CY manifolds such that the p(0) = τ∞ ∈ D∞. Then the above
arguments show that monodromy group of the family is the stabilizer of the
point τ∞ ∈ Di. So Proposition 33 is proved. 
Proposition 34 Let M be a CY manifold. Let Uτ∞ be an open polydisc con-
taining τ∞ ∈ Df . Let Dτ∞ ⊂ Uτ∞ ⊂ ML(M) be an open disk containing the
point τ∞ ∈ Df . Then then L2 metric on the relative dualizing sheaf has growth
1. |τ − τ∞|1/k if the monodoromy operator T is of finite order on the family
X|Dτ∞−τ∞, and 2. (log |τ − τ∞|)
k
if T has an infinite order and k > 1.
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Proof: Let ωτ be a family of holomorphic n−forms over the disk punctured
disk Dτ∞ − τ∞. We need to consider two cases:
Case 1. Suppose that the monodromy operator T acting on Hn (Mτ ,Z) is
of infinite order. Let {γi} be a basis of Hn (Mτ ,Z) for τ 6= τ∞. Let us consider..., aj(τ) = ∫
γi
ωτ , ...
 . (24)
Then the components of (24) are solutions of a ordinary differential equation
with regular singular points. Let {γ∗i } be the Dirac dual basis of Hn (Mt,Z) ,
i.e. 〈γ∗i , γj〉 = δij . Then ωτ =
bn∑
j=1
aj(τ)γ
∗
j . It follows from Poincare duality that
the L2 metric is given by
(−1)
n(n−1)
2
(√−1
2
)n ∫
M
ωτ ∧ ωτ =
..., aj(τ) = ∫
γi
ωτ , ...
 (〈γi, γj〉)
..., aj(τ) = ∫
γi
ωτ , ...
t . (25)
The assumption that the monodromy operator is of infinite order implies
that if γ0 and γk are cycles such that T (γ0) = γ0 and (T
m − id)k γk = γ0 we
get that
ak(τ) =
∫
γk
ωτ ∽ (log (τ − τ∞))k . (26)
From the assumption that the monodromy operator is of infinite order, and
from (25) and (30) we can conclude that
lim
τ→τ∞
∣∣∣∣∣ ‖ωτ‖2log |τ − τ∞|
∣∣∣∣∣ = c <∞. (27)
So we proved Proposition 34 in the case the monodromy is of infinite oreder.
So we need to consider the second case:
Case 2. Suppose that the monodromy operator T acting on the middle
cohomology Hn (Mτ ,Z) for τ ∈ Dτ∞ − τ∞ has an order k > 1. Let γ0 and γ1 ∈
Hn (M,Z) , 〈γ0, γk〉 6= 0, γ0 is an invariant vanishing cycle of T, i.e. T (γ0) = γ0.
Then according to [?] we have T (γk) 6= γk and T k(γk) = γk. Then according to
the general theory of the monodromy we have that:
lim
τ→τ∞
∫
γ0
ωτ = 0 and lim
τ→τ∞
∫
γ1
ωτ
(τ − τ∞)1/k
= c1. (28)
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Formulas (26) and (28) imply that
lim
τ→τ∞
‖ωτ‖2
|τ − τ∞|1/k
= c2. (29)
So (27) and (29) imply Proposition 34. 
Proposition 35 Let M be a CY manifold. Let Uτ∞ be an open polydisc contain-
ing τ∞ ∈ D∞. Let Dτ∞ ⊂ Uτ∞ be an open disk containing the point τ∞ ∈ D∞.
Then ηN (τ∞) = 0.
Proof: Let XD → D be a family of CY manifolds such that the p(0) =
τ∞ ∈ D∞. We need to consider two cases:
Case 1. Suppose that the monodromy operator is of infinite order. Let ηN
be the section constructed in Theorem 22 and ηN
∣∣
Uτ∞
= fUτ∞ (τ). From the
explicit expression for the L2 norm of the section ηN we see that∥∥∥ηN (τ)∥∥∥2
L2
∣∣∣∣
Uτ
=
|fUτ∞ (τ)|2
‖ωτ‖2L2
≤ c0, (30)
where ωτ is a family of holomorphic n−forms defined over the family of polarized
CY manifolds obtained from the restriction of the versal family X → ML (M)
on Uτ and ηN
∣∣∣
Uτ
= fUτ (τ). Thus (30) and (27) imply that
lim
τ→τ∞
fUτ (τ) = 0. (31)
Case 2. Suppose that the monodromy operator is of finite order. Let ηN be
the section constructed in Theorem 22 and ηN
∣∣
Uτ∞
= fUτ∞ (τ). Then Formulas
(30) , (29) , and
∥∥ηN∥∥2
L2
< ∞ imply that lim
τ→τ∞
fUτ∞ (τ) = 0. Proposition 34 is
proved. 
Propositions 33 and 34 imply Lemma 32.  Lemma 32 implies Theorem 29.

Problem 36 We constructed in Theorem 29 a holomorphic section ηN of the
prolonged line bundle ω⊗NX/ML(M) for any dimension to some compactification
ML(M) of ML(M) such that ML(M) − ML(M) is a divisor with a normal
crossings. Is it true that the function defined by the regularized determinants
det(∆0,1) of the Laplacians of the CY metrics with imaginary parts cohomolog-
ical to the polarization class L is bounded and
∥∥η⊗N∥∥2
L2
= (det(∆0,1))
N
and
N = #Γ/ [Γ,Γ] .
3.2 The Analogue of Cusp Automorphic Forms
Definition 37 Let M be a projective variety. A line bundle L on M will be called
big and nef if the Chern class c1 (L) of L satisfies the following conditions:
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1. For every irreducible curve C on M we have∫
C
c1 (L) ≥ 0. (32)
2. The following inequality holds∫
M
∧n c1 (L) > 0. (33)
Definition 38 A line bundle L on a complete scheme M is semi ample if L⊗m
is globally generated for some integer m > 0.
Theorem 39 Let M be a CY manifold. Let ML(M) be the moduli space of
polarized CY manifolds such that τ0 ∈ ML(M) corresponds to M. Let ωX/ML(M)
be the relative dualizing sheaf of the family X →ML(M). Let
H0∞
(
ML(M), ω
⊗N
X/ML(M)
)
:=
{
s ∈ H0∞
(
ML(M), ω
⊗N
X/ML(M)
) ∣∣∣‖s‖2
L2
<∞
}
Then the space H0∞
(
ML(M), ω
⊗N
X/ML(M)
)
is finite dimensional for any N and
for large enough N the linear system H0∞
(
ML(M), ω
⊗N
X/ML(M)
)
defines a holo-
morphic inclusion
φ∞ : ML(M) ⊂ CPN0
such that φ∞ (ML(M)) is a Zariski open set.
Proof: Let ML(M) be any compactification of ML(M) such that
D∞ := ML(M)−ML(M)
is a divisor of normal crossing. Let ωX/ML(M) be the line bundle on ML(M)
such that
ωX/ML(M)
∣∣
ML(M) = ωX/ML(M)
and for any τ∞ ∈ D∞ and Uτ∞ polydisk containing τ∞ we have
ωX/ML(M)
∣∣
Uτ∞ :=
{
s ∈ Γ (Uτ∞ − Uτ∞ ∩D∞, ωX/ML(M)) ∣∣∣‖s‖2L2 <∞} .
We will need the following Lemma:
Lemma 40 The line bundle ωX/ML(M) on ML(M) is a big, nef and semi-ample.
Proof: According to the Definition 37 we need to show that the following
Proposition:
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Proposition 41 Let C be any irreducible curve in ML(M). Then we have:∫
C
c1
(
ωX/ML(M), h
) ≥ 0.
Proof: We proved in [24] that the Chern form of ωX/ML(M) is the imagi-
nary part of Weil-Petersson metric of ML(M). In [25] we proved that the Weil-
Petersson metric is a good metric in the sense of Mumford. See [14]. According
to [14] the Chern forms ck (E, g) )of a good metric g on a vector bundle E define
currents which are elements of H2k (ML(M),Z) . Let us denote by hL2 the L
2
metric on ωX/ML(M). Since the Chern form c1
(
ωX/ML(M), hL2
)
of the L2 metric
hL2 on ωX/ML(M) is the imaginary part of the Weil-Petersson metric and since
hL2 is a good metric, then the current c1
(
ωX/ML(M), hL2
)
is positive. This fact
implies that for any irreducible curve C on ML(M) we have∫
C
c1
(
ωX/ML(M), hL2
) ≥ 0.
The last inequality implies Proposition 41. 
Since hL2 = L
2 is a good metric on ωX/ML(M) and dd
c log hL2 is the imagi-
nary part of the Weil-Petersson metric, then we have∫
ML(M)
∧hn−1,1 c1
(
ωX/ML(M), hL2
)
> 0.
So ωX/ML(M) is a big and nef. According to Theorem 24, there exists a non-zero
holomorphic section η⊗N . The definition of ωX/ML(M) implies that η
⊗N gener-
ates ω⊗NX/ML(M). So ωX/ML(M) is semiample nef and big line bundle. Theorem
Lemma 40 is proved. 
Theorem 2.1.27 proved on page 129 of [16] implies Theorem 39. Before
formulating Theorem 2.1.27 we will introduce some notions. Let L be some
semi-ample line bundle. We will denote by M (X,L) the semi group
M (X,L) = {m ∈ N| L⊗m has no fixed points} .
f(L) will be the exponent of M (X,L) , i.e. the largest natural number such
that every element of M (X,L) is a multiple of g(L). Given m ∈ M (X,L) we
will denote by Ym = φm(X) the image of X by the holomorphic map
φm : X → φm(X) = Ym ⊂ P
(
H0
(
X,L⊗m)) ,
determined by the linear system |L⊗m| .
Theorem 2.1.27 (semi-ample fibrations). Let X be a normal projective
space and let L be a semi-ample line bundle on X. Then there is a fibre space
φ : X → Y having the property that for any sufficiently large m ∈ M(X,L),
Ym = Y and φm = φ. Moreover there is an ample line bundle A on Y such
that L = φ∗(A). Theorem 39 is proved. 
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3.3 Extension Properties
Theorem 42 Let φ : (D∗)k ×Dm →ML(M) be a holomoprphic map. Then φ
can be extended to a holomorphic map φ : Dk ×Dm → M˜L(M), where M˜L(M)
is the Baily-Borel compactification of ML(M).
Proof: The proof of Theorem 42 is based on the following generalization of
Schwarz Lemma due to S. -T. Yau;
Theorem 43 Let M be a complete Ka¨hler manifold with a Ricci curvature
bounded from below by a constant, and N be another Hermitian manifold with
holomorphic bisectional curvature bounded from above by a negative constant.
Then any holomorphic mapping from M into N decreases distances up to a con-
stant depending only on the curvature of M and N. See [28].
Theorem 42 follows from the following Lemma:
Lemma 44 Let φ : (D∗)k × Dm → ML(M) be a holomoprphic map. Let
(zk, wk) ∈ (D∗)k ×Dm such
lim
k→∞
(zk, wk) = (0, w0) ∈ Dk ×Dm.
Then lim
k→∞
φ(zk, wk) exists and
lim
k→∞
φ(zk, wk) ∈ M˜L(M)
M˜L(M), where M˜L(M) is the Baily-Borel compactification of ML(M).
Proof: Let us consider on (D∗)
k ×Dm the Poincare metric:
k∑
i=1
dzi ⊗ dzi
|zi|2 (log |zi|)2 +
m∑
j=1
dwj ⊗ dwj(
1− |wj |2
)2 .
Then to apply Theorem 43 we replace M with (D∗)k×Dm with Poincare metric
and replace N with M˜L(M) with Hodge metric. Then Lemma 44 follows from
Theorem 43 directly since the holomorphic map φ is a distance decreasing up to
a constant, with respect to the Hodge metric on ML(M). Theorem 10 implies
that the Hodge metric satisfies the conditions of Theorem 43. See [17]. 
Lemma 44 implies that the map φ : (D∗)
k×Dm →ML(M) can be extended
to a continuous map:
φ : Dk ×Dm → M˜L(M).
Then according to Riemann extension Theorem (See Theorem 44.42 on p. 420
in [1]) φ is a holomorphic map. Theorem 42 is proved. 
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Corollary 45 Let Z be a quasi-projective variety. Suppose that
φ : Z →ML(M)
be a non trivial holomorphic map. Let Z be a projective manifold such that Z−Z
is a divisor of normal crossings. Then φ can be extended to a holomorphic map
φ : Z → M˜L(M).
Remark 46 Theorem 42 is a generalization of a Theorem of A. Borel proved
for locally symmetric Hermitian spaces in [5]. Theorem 42 implies that M˜L(M)
is a minimal model among all possible compactifications of the moduli space
ML(M) with a boundary divisors with normal crossings.
4 CY Threefolds
4.1 Invariants of the Short Term Asymptotic Expansion
of the Heat Kernel
Theorem 47 Suppose that M is a three dimensional CY manifold and g is a
CY metric. Then the coefficients a2k for k = 3, 2, 1 and 0 in the expression
(34) are constants which depend only on the CY manifolds and the fixed class
of cohomology of the CY metric.
Proof: We know that the Heat kernel has the following asymptotic expan-
sion:
Tr(exp(−t△0)) = a−n(g)
tn
+
a−n+1(g)
tn−1
+
a−n+2(g)
tn−2
+ ...+a0(g)+h(t, τ, τ ). (34)
(See [20].) We will apply (34) for three dimensional CY manifolds. In [11] on
page 118 one can find the following formulas for a−3(g), a−2(g) and a−1(g) :
α−3(g) =
vol(g)
4pi
, a−2(g) =
− ∫
M
k(g)vol(g)
24pi
and
a−1(g) =
−12
(∫
M
∆g(k(g))vol(g)
)
+ 5 ‖Ric(g)‖2 − 2 ‖R(g)‖2
1440pi
(35)
where k(g) is the scalar curvature of the metric g, ‖Ric(g)‖2 is the L2 norm of
the Ricci tensor of g and ‖R(g)‖2 is the L2 norm of the curvature of the metric
g. Using the fact that g is a Calabi-Yau metric, i.e. Ric(g) = k(g) = 0, we
obtain:
α−n(g) =
vol(g)
4pi
, a−1(g) = 0 and a−2(g) =
−‖R(g)‖2
720pi
. (36)
In [6] Calabi proved on page 264 the following Proposition:
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Proposition 48 The following formula holds on a complex Ka¨hler manifold M
with a fixed cohomology class L of the imaginary part of a Ka¨hler metric:
2 ‖Ric(g)‖2 − ‖R(g)‖2 −
∫
M
k(g)2vol(g) = −
∫
M
c2(M) ∧ ωn−2g , (37)
where c2(M) is the second Chern class of M.
Applying formula (37) to a CY metric, we obtain that on a three dimensional
CY manifold with a Calabi Yau metric g we have:
a−n(g) =
1
4pi
∫
M
Ln, an−1(g) = 0 and an−2(g) = − 1
720pi
∫
M
c2(M)∧Ln−2. (38)
Theorem 47 follows directly from (38) since (38) implies that a−1(g), a−2(g)
and a−3(g) are topological invariants.We need to prove that a0(g) is a constant
in order to deduce Theorem 47.
Lemma 49 Let
Tr(exp(−t∆0) = a−n
tn
+ ...+
a−1
t
+ a0 +O(t)
be the asymptotic expansion of Tr(exp(−t∆0) with respect to a CY metric with
a fixed class of cohomology of its imaginary part. Then the real coefficient a0 is
a constant, i.e.
∂
∂τ
a0(τ, τ ) =
∂
∂τ
a0(τ, τ ) = 0.
Proof: According to [7] the following equality is true:
ζ0,τ (0) = a0(τ), (39)
where a0 is a real valued function on the moduli space of polarized CYmanifolds.
If we prove that:
∂
∂τ
(ζ0,τ (s))
∣∣∣∣
s=0
= 0, (40)
then Lemma 49 will follow directly from (39). In the paper [4] on page 85 the
following formula was proved:
∂
∂τ i
(
ζ”0,τ (s)
)
=
1
Γ(s)
∞∫
0
Tr
(
exp
(
−t△”τ,0
)
◦ △”τ ◦ (∂τ )−1 ◦ F
′
(1,
∂
∂τ i
φ(τ)) ◦ ∂τ
)
tsdt.
repeating word by word the proof the above formula from [4] we get:
∂
∂τ i
(
ζ”0,τ (s)
)
=
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1Γ(s)
∞∫
0
Tr
(
d
dt
(
exp
(
−t△”τ,0
))
◦ (∂τ )−1 ◦ F ′(q, ∂
∂τ i
φ(τ)) ◦ ∂τ
)
tsdt. (41)
By integrating by parts the expressions in (41) , we obtain:
∂
∂τ i
(
ζ”0,τ (s)
)
=
s
Γ(s)
∞∫
0
Tr
(
exp
(
−t△”τ,0
)
◦ (∂τ)−1 ◦ F ′(q, ∂
∂τ i
φ(τ)) ◦ ∂τ
)
ts−1dt. (42)
We can rewrite the integral in the right hand side of (42) as follows:
s
Γ(s)
∞∫
0
Tr
(
exp
(
−t△”τ,0
)
◦ (∂τ )−1 ◦ F ′(q, ∂
∂τ i
φ(τ)) ◦ ∂τ
)
ts−1dt =
s
Γ(s)
1∫
0
Tr
(
exp
(
−t△”τ,0
)
◦ (∂τ)−1 ◦ F ′(q, ∂
∂τ i
φ(τ)) ◦ ∂τ
)
ts−1dt+
s
Γ(s)
∞∫
1
Tr
(
exp
(
−t△”τ,0
)
◦ (∂τ)−1 ◦ F ′(q, ∂
∂τ i
φ(τ)) ◦ ∂τ
)
ts−1dt. (43)
From the short term asymptotic expansion
Tr
(
exp
(
−t△”τ,0
)
◦ (∂τ )−1 ◦ F ′(q, ∂
∂τ i
φ(τ)) ◦ ∂τ
)
=
c−k(τ)
tk
+ ...+
c−1(τ)
t
+ c0(τ) +O(t) (44)
we obtain that
s
Γ(s)
1∫
0
Tr
(
exp
(
−t△”τ,0
)
◦ (∂τ )−1 ◦ F ′(q, ∂
∂τ i
φ(τ)) ◦ ∂τ
)
ts−1dt =
s
Γ(s)
(
c0(τ)
s
+ γ0(τ) +O(s)
)
. (45)
From (45) and the fact that sΓ(s) = s
2 +O(s3) we get that
∂
∂τ i
(
ζ”0,τ (s)
)
= s2
(
c0(τ)
s
+ γ0(τ) +O(s)
)
.
From the last formula we obtain that(
∂
∂τ i
(
ζ”0,τ
))
(0) = 0.
Lemma 49 is proved. 
Lemma 49 implies Theorem 47. 
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4.2 The Regularized CY Determinants are Bounded
Theorem 50 For CY threefolds the regularized determinants of the Laplacians
∆q of the Calabi Yau metrics g(τ, τ ) with a fixed cohomology class L for 0 ≤
q ≤ n = dimCM are bounded as functions on the moduli space, i.e. we have:
0 ≤ det(△τ,q) ≤ Cq.
Proof: We will outline the main ideas of the proof of Theorem 50. In order
to prove Theorem 50 it is enough to bound det(△0). The bound of det(△0) is
based on the following expression for the zeta function of the Laplacian acting
on functions:
ζ0(s) =
1
Γ(s)
∞∫
0
(Tr(exp(−t△0))ts−1dt = b0 + b1s+O(s2).
From the definition of det(△0) it follows that
det(△0) = exp(−b1). (46)
So if b1 is bounded from bellow, i.e.
c1 ≤ b1 (47)
then Theorem 50 will be proved. The bound of b1 is based on several facts.
1. The following explicit formula for b1 is proved in [2]:
b1 = γa0 +
3∑
k=1
a−k
k
+ ψ1 + ψ2, (48)
where γ is the Euler constant, ψ1 is given by the formula
ψ1(t, τ, τ ) =
1∫
0
(
Tr(exp(−t△0))−
3∑
k=0
a−k
tk
)
dt
t
and ψ2 by
ψ2(t, τ, τ ) =
∞∫
1
Tr(exp(−t△0))dt
t
.
2. Theorem 47 implies that the expression: γa0 +
∑3
k=1
a−k
k in (48) is a
constant. Clearly ψ2(t, τ, τ ) > 0.
3. The third fact is that ψ1(t, τ, τ ) ≥ c0, where c0 is a constant.
Combining all these facts we get (47). (47) and the explicit formula (48) will
imply that 0 ≤ det(∆0) ≤ C <∞. So we need to prove the following Lemma:
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Lemma 51 The following inequality holds: ψ1(t, τ, τ ) ≥ c0.
Proof: Let
h(t, τ, τ ) = Tr(exp(−t△0))−
3∑
k=0
a−k
tk
(49)
We also know that h(t, τ, τ ) = th1(t, τ, τ ). According to Theorem 47, the ex-
pression
3∑
i=1
a−k
tk
is a function which does not depend on τ and τ. We also know
that Tr(exp(−t△τ,0)) is a strictly positive function for t > 0 which depends on
t, τ and τ . Thus inf
τ
(Tr(exp(−t△τ,1))) exists for t > 0. Let
φ(t) := inf
τ
(Tr(exp(−t△τ,1)))−
3∑
k=0
a−k
tk
for 0 < t ≤ 1. Then
φ(t) = inf
τ
(Tr(exp(−t△τ,1))) −
3∑
k=0
a−k
tk
=
inf
τ
(
Tr(exp(−t△τ,1))−
3∑
k=0
a−k
tk
)
= inf
τ
(h(t, τ, τ)) .
Proposition 52 φ(t) is a continuous function for 0 ≤ t ≤ 1.
Proof: Let 0 ≤ t0 ≤ 1 be a fixed number. Let {tn} be a sequence of numbers
such that 0 < tn < 1 such that lim
n→∞
tn = t0 then we need to prove that
lim
n→∞
φ(tn) = lim
n→∞
(
inf
τ
(h(t, τ, τ ))
)
= inf
τ
(h(t, τ, τ)) = φ(t0). (50)
The definition of the function h(t, τ, τ ) show that h(t, τ, τ) is a continuous func-
tion such that h(0, τ, τ ) = 0. The definition of inf
τ
h(t, τ, τ ) implies that there
exists a sequence {τn} of points τn ∈ML(M) such that
lim
n→∞
(h(t, τ, τ )) = inf
τ
(h(t, τ, τ )) . (51)
Since h(t, τ, τ) is a continuous function we get that
lim
n→∞
(
lim
k→∞
(h(tk, τn, τn))
)
= lim
n→∞
(h(t0, τn, τn)) = inf
τ
(h(t, τ, τ )) . (52)
On the other hand we have
lim
n→∞
(
lim
k→∞
(h(tk, τn, τn))
)
= lim
k→∞
(
lim
n→∞
(h(tk, τn, τn))
)
= lim
k→∞
(
inf
τ
(h(tk, τ, τ))
)
.
(53)
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Combining (52) and (53) we get that
lim
k→∞
(
inf
τ
(h(tk, τ, τ))
)
= lim
k→∞
φ(tk) = inf
τ
(h(t0, τ, τ )) = φ(t0).
Proposition 52 is proved. 
Since φ(t) is a continuous function on the closed interval [0, 1] it has a min-
imum. Let c0 = min
0≤t≤1
φ(t). So we have
1∫
0
(h(t, τ, τ )− c0)dt ≥ 0.
On the other hand, we have
1∫
0
(h(t, τ, τ )− c0)dt =
1∫
0
h(t, τ, τ )dt− c0 = ψ1(t, τ, τ )− c0 ≥ 0.
So ψ1(t, τ, τ ) ≥ c0. Lemma 51 is proved. 
Theorem 50 is proved. 
4.3 The Existence of Global Section η⊗N of the Relative
Dualizing Sheaf with Finite L2 Norm (det(∆0,1))
N
Theorem 53 Let M be a three dimensional CY manifold and let N = #Γ/[Γ,Γ].
Then there exists a section ηN of the line bundle
(
ω⊗NX/ML(M)
)
such that the
norm of ηN with respect to the N tensor power of the L2 metric on ω⊗NX/ML(M)
is given by:
∥∥ηN∥∥2
L2
= (det(∆0,1))
N
. The zero set of ηN is a non zero effective
divisor whose support contains or is equal to the support of D∞, where D∞ is
defined in Definition 28.
Proof: Theorem 24 implies that there exists a the section η⊗N of the relative
dualizing line bundle ω⊗NX/ML(M) on ML(M) such that ‖η(τ)‖
2
L2
= det∆(0,1)(τ)
and ‖η(τ)‖2
L2
> 0 for τ ∈ML(M). Now we can apply Propositions 33, 34 and 35
to conclude the zero set
(
ηN
)
0
is the effective divisor D∞ defined by Definition
28. Theorem 53 is proved. .
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